Abstract. We give some new examples for which the Serre problem is solvable by using invariant pseudodistances.
1. Introduction. In 1953, Serre [14] raised the problem whether a holomorphic fiber bundle TT : E -> B with a Stein base B and a Stein fiber F is Stein. The answer is positive in the case of 0-dimensional fibers [19] and 1-dimensional fibers (cf. [7] , [11] , [15] ). However, in high dimensional case, there are counterexamples (cf. [2] , [17] ). There are still some positive examples. Stehle [18] solved the problem for hyperconvex Stein manifolds. Diederich-Fornaess [15] showed that any bounded C 2 pseudoconvex domains in C n is hyperconvex, therefore, the Serre conjecture is true in this case. Siu [16] proved the case when the fiber is a bounded pseudoconvex domain in C n with zero first Betti number. The purpose of this note is to show THEOREM 
The answer to the Serre problem is positive if the fiber is either of the following:
(i) a bounded domain fi in C n which has a psh exhaustion function such that REMARK, a) We will show that any bounded hyperconvex domain together with some non-hyperconvex examples satisfy condition (i).
b) According to [3] , any bounded C 2 pseudoconvex domain has a bounded psh exhaustion function p = - (-r) a where a > 0 and r is a defining function. On the other hand, there are obviously various examples whose boundary is not C 2 , for example, the egg domain defined by {z e C n : 
where PSH(F) denotes all psh functions in F. We claim that ^ is the desired function. Since there exists an exhaustion function belonging to the above class, it follows that I/J is an exhaustion function on F. Since 0 is upper semi-continuous, the upper envelope ip* of I/J is psh on F and satisfies / 0* < </>, which implies ip* ^ V 7 -O n the other hand, it is obvious that ip* > T/J. Hence ip = I/J*, which implies that ip is a psh function on F. By (ii), we have for any h G AutF
The proof is complete.
COROLLARY. The answer to the Serre problem is positive if there exists on the fiber a complete invariant pseudodistance relative to a fixed point which is bounded below by a psh exhaustion function.
Proof. Let d denotes the invariant pseudodistance. We can take (j)(z) = d(zQ,z) for some fixed point ZQ G F. Clearly, for any h G Aut F, one has
The result follows immediately from the above proposition.
Let us see some applications. a) Siu's distance: Let D ^ C be a domain in C. Siu [15] 
Note that the right side is naturally a subharmonic exhaustion function when D is bounded. To define a subharmonic exhaustion function when D is unbounded, one can consider at the same time the domain on the w-plane defined by w = -~-for some point p E O.
b) Bergman distance: Let O be a bounded domain in C n , and let K^z^w) be the Bergman kernel and K^z) = Ksi(z, z). The Bergman metric is defined by ^-{trg^***)
The related distance is called the Bergman distance. We denote by distBDiederich-Ohsawa [4] showed that the Bergman distance satisfies the following estimate for bounded C 2 pseudoconvex domains
On the other hand, there exists on ft (cf. [9] ) a negative psh function p satisfying
for suitable positive constants A,B. This implies in particular
Note that the left side is also a psh exhaustion function.
c) Kahler-Einstein metric (proof of of Theorem 1): A Kahler-Einstein metric on a complex manifold is a Kahler metric for which the Ricci tensor coincides up to multiplication by a real constant with the metric tensor. Thanks to Mok-Yau [12] , such a metric exists on any bounded pseudoconvex domain in C n . Moreover, it is complete, biholomorphically invariant, and the Kahler-Einstein distance distKE satisfies distKEizo^z) > Cloglogl/foOz).
Hence (i) of the proof of Theorem 1 follows immediately from Proposition 3.
Before proving (ii), let us recall that the pluricomplex Green function of a bounded domain fi with a pole at w is defined by
It is well-known that </$}(•, w) is a psh function and gn(h(z), h(w)) = gn(z, w) for any /iG Autr2 (cf. [10] ). Set r w (z) = max{0n(2,ttf),-l}. 
By the well-known translation formula of the Bergman kernel function, the ratio VKE/KQ, is a function which is invariant under AutO. Since S is negligible w.r.t. L 2 holomorphic functions, we have KQ(Z) = K^z) for any z G ft. By (1), the function cj) = logVKE/Kn + Nip satisfies the conditions of Proposition 3 provided the constant N large enough, since
Here B(p, r) C ft denotes the Euclidean ball with centre p and radius r and C{ > 0 is a constant depending only on n.
The class of domains in (i) is quite large since we have the following Clearly, / is a holomorphic function on fi which satisfies f(z) -1 and
since (p z < 0 and (p z < 2nlog | • -z\ + 0(1). It follows that
In [1] , Blocki-Pflug proved that there exists a bounded continuous psh exhaustion function p on ft such that
By (2)- (4), we obtain
To complete the proof, we only need to set ip = log(l -log(-p)) (without loss of generality, we may assume -p < 1 on ft).
We have also some Non-hyperconvex examples: ((z,w) ).
We also have ((z,w) ).
It follows that
^{z,w) < Cloglogl/Sn ((z,w) ).
It is well known that S7 is hyperconvex iff D is hyperconvex. Hence we can obtain various non-hyperconvex examples.
2) Herbort's example (cf. The related pseudodistance is called the Kobayashi pseudodistance which is denoted by distKAccording to Wu's theorem, any complete simply-connected Kahler manifold of nonpositive sectional curvature is Stein, namely, log(l+p 2 ) is a strictly psh exhaustion function. Here p denotes the distance function relative to some fixed point of M. If furthermore, the holomorphic sectional curvature is bounded from above by -yr^, then M is complete hyperbolic [5] , moreover, the Kobayashi distance satisfies dist K (zo,z) > Clog(l + p 2 (z)).
Thus we obtain the following THEOREM 
The answer to the Serve problem is affirmative if the fiber is a complete simply-connected Kahler manifold of nonpositive sectional curvature such that the holomorphic sectional curvature is bounded above by -JT-^>

